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Engineering Notes.

Minimum Swept-Wing Induced Drag
with Constraints on Lift and Pitching

Moment

J. L. LUNDRY*

Douglas Aircraft Company, Inc., Long Beach, Calif.

Nomenclature
A = coefficient for span-loading series
CD = drag coefficient
CL = lift coefficient
CM = pitching-moment coefficient
ACM = CM contributed by the nonelliptical portion of the span

loading
N = number of terms in the span-loading series
S = reference area for coefficients
a = aspect ratio
b = span
c = chord
ci = section lift coefficient
Cm = section pitching-moment coefficient
m = mean aerodynamic chord
x, y = longitudinal and lateral coordinates
A = quarter-chord sweep angle
0 = transformed lateral coordinate, cos0 — —2y/b
\ = taper ratio

Subscripts
ac = airfoil section aerodynamic center
r
0

= reference coordinate
= without lift

Introduction

IRFOIL sections designed for high subsonic speeds fre-
quently produce significant nose-down pitching moment.

As a result, the lift-to-drag ratio of conventional airplanes
employing such sections is reduced by the downward tail load
required for equilibrium in pitch. However, the wing nose-
down pitching moment of a swept-wing configuration can be re-
duced by increasing the loading on the inboard, forward por-
tion of the wing and reducing the loading on the outboard, aft
portion. This note determines the span loading of a swept
wing that produces minimum induced drag with constraints
on lift and pitching moment. The span-loading solution is
then used to evaluate the minimum induced-drag penalty
associated with the pitching-moment constraint.

Analysis
Glauert's truncated Fourier series for span loading1 can be

written

~ = Z A2^ Sln^ ~ 1)<9 (1)

for symmetrical loading.
drag are then given by

In coefficient form, lift and induced

CL = (2)
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Fig. 1 Minimum
induced-drag em-
ciency with CL and
CM constaints (as-

pect ratio 4).
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Wing pitching-moment coefficient may be written as

CM — 77

(3)

The following assumptions are made: The section aerody-
namic centers lie on the quarter-chord line, the wing-planform
leading and trailing edges are straight, and Ref. 2 gives the
length and lateral location of the mean aerodynamic chord
For constant cmo, the pitching-moment coefficient becomes

CM = + 9tanA[i
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The minimum induced-drag problem may be developed from
Eqs. (2, 3, and 5). The necessary condition for extremals3

gives N linear equations in the N unknown Glauert coef-
ficients and two unknown Lagrange multipliers. Eqs. (2)
and (5) are also linear in the unknowns, completing a set of
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Fig. 2 Minimum
induced-drag effi-
ciency with CL and
CM constraints (as-

pect ratio 7).

0.2

AcM

CL TANA

N -}- 2 linear, simultaneous equations that specify a unique
extremal. The extremal satisfies the sufficiency condition of

Fig. 3 Minimum
induced-drag effi-
ciency with CL and
CM constraints (as-

pect ratio 10).
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Fig. 4 Span loading for minimum induced drag. CL and
CM constraints: CL = 0.4, TV - 20, A = 30°, A = 0.3 (as-

pect ratio 7).

Ref. 3 for a minimum. The induced drag of the minimum is
evaluated by Eq. (3).

Numerical Results

Figures 1-3 give the induced-drag efficiency parameter as a
function of an incremental pitching-moment parameter for
aspect ratios 4, 7, and 10. The parameter ACV is the pitch-
ing-moment coefficient given by Eq. (5) when cmo and AI are
zero. For configuration and force parameters typical of cur-
rent subsonic jet transports at cruise (a = 7, A = 30°, X =
0.3, CL = 0-4), Fig. 2 indicates a minimum loss of induced-
drag efficiency of 14% to produce ACM = 0.04. For the
same configuration, Fig. 4 gives the span loading to produce
minimum induced drag, subject to the CL and CM con-
straints, for varying ACV The large perturbations from
elliptical span loading are the explanation for the significant
losses of induced-drag efficiency.

Conclusions

The swept-wing span loading has been determined that
produces minimum induced drag with constraints on lift and
pitching moment. The numerical results indicate that small
nose-down section pitching moments can be balanced by an
appropriate span loading of a swept wing with small penalties
in induced-drag efficiency. Large induced-drag penalties
occur if the pitching-moment coefficient to be trimmed is
greater than 0.02 for a configuration typical of swept-wing
subsonic jet transports.

Viscosity and compressibility effects on wing drag have not
been considered. Wing-tip and kink effects on chordwise
location of airfoil section aerodynamic center have been
ignored. In the writer's opinion, consideration of these ef-
fects is likely to reduce the moment that can be balanced by
span-loading shifts for a given drag penalty.
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